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Abstract. We study some properties of the tangent bundles with met- 
rics of general natural lifted type. We consider a Riemannian manifold 
[M, g) and we find the conditions under which the Riemannian manifold 
(TM, G) , where TM is the tangent bundle of M and G is the general 
f""'! . natural lifted metric of g, has constant sectional curvature. 
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1. Introduction 



In the geometry of the tangent bundle TM of a smooth n-dimensional Rie- 
mannian manifold (M, g) one uses several Riemannian and pseudo-Rieman- 
nian metrics, induced by the Riemannian metric g on M. Among them, 
we may quote the Sasaki metric, the Cheeger-Gromoll metric and the com- 
plete lift of the metric g. The possibility to consider vertical, complete and 
horizontal lifts on the tangent bundle TM (see |18j ) leads to some inter- 
^ | esting geometric structures, studied in the last years (see p], [2], [3], [8], 

$_i ' [9], [32]), and to interesting relations with some problems in Lagrangian 

and Hamiltonian mechanics. On the other hand, the na- tural lifts of g to 
TM (introduced in [5] and [6]) induce some new Riemannian and pseudo- 
Riemannian geometric structures with many nice geometric properties (see 
PI- 0). 

Professor Oproiu has studied some properties of a natural lift G, of di- 
agonal type, of the Riemannian metric g and a natural almost complex 
structure J of diagonal type on TM (see [H], [12], [13], and see also [15] . 
[16] ). In the paper [10] . the same author has presented a general expres- 
sion of the natural almost complex structures on TM. In the definition of 
the natural almost complex structure J of general type there are involved 
eight parameters (smooth functions of the density energy on TM). How- 
ever, from the condition for J to define an almost complex structure, four of 
the above parameters can be expressed as (rational) functions of the other 
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four parameters. A Riemannian metric G which is a natural lift of general 
type of the metric g depends on other six parameters. In [14] we have found 
the conditions under which the Kahlerian manifold (TM, G, J) has constant 
holomorphic sectional curvature. 

In the present paper we study the sectional curvature of the tangent bun- 
dle of a Riemannian manifold (M,g). Namely, we are interested in finding 
the conditions under which the Riemannian manifold (TM,G), where G is 
the general natural lifted metric of g, has constant sectional curvature. We 
obtain that the sectional curvature of (TM, G) is zero and the base manifold 
must be flat. 

2. Preliminary results 

Consider a smooth n-dimensional Riemannian manifold (M,g) and de- 
note its tangent bundle by r : TM — ► M. Recall that TM has a structure 
of a 2n-dimensional smooth manifold, induced from the smooth manifold 
structure of M . This structure is obtained by using local charts on TM 
induced from usual local charts on M. If (U,tp) = (U, x , . . . , x n ) is a 
local chart on M, then the corresponding induced local chart on TM is 
(t -1 ([/"), $) = (t (17), x 1 , . . . , x n , y ,...,y n ), where the local coordinates 
x l ,y J , i,j = l,...,n, are defined as follows. The first n local coordinates 
of a tangent vector y € t -1 (J7) are the local coordinates in the local chart 
(U, (p) of its base point, i.e. x l = x l o r, by an abuse of notation. The last 
n local coordinates y J , j = l,...,n, of y € t~ 1 (U) are the vector space 
coordinates of y with respect to the natural basis in T T r y \M defined by the 
local chart (U,<p). Due to this special structure of differentiable manifold 
for TM, it is possible to introduce the concept of M-tensor field on it. The 
M-tensor fields are defined by their components with respect to the induced 
local charts on TM (hence they are defined locally), but they can be inter- 
preted as some (partial) usual tensor fields on TM. However, the essential 
quality of an M-tensor field on TM is that the local coordinate change rule 
of its components with respect to the change of induced local charts is the 
same as the local coordinate change rule of the components of an usual 
tensor field on M with respect to the change of local charts on M. More 
precisely, an M-tensor field of type (p, q) on TM is defined by sets of n p+q 
components (functions depending on x % and y l ), with p upper indices and 
q lower indices, assigned to induced local charts (r _1 (i7), <3?) on TM, such 
that the local coordinate change rule of these components (with respect to 
induced local charts on TM) is that of the local coordinate components of a 
tensor field of type (p, q) on the base manifold M (with respect to usual local 
charts on M), when a change of local charts on M (and hence on TM) is 
performed (see [7] for further details); e.g., the components y % , i = 1, . . . , n, 
corresponding to the last n local coordinates of a tangent vector y, assigned 
to the induced local chart (t~ 1 (U), $) define an M-tensor field of type (1, 0) 
on TM. An usual tensor field of type (p, q) on M may be thought of as an 
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M-tensor field of type (p, q) on TM. If the considered tensor field on M is 
covariant only, the corresponding M-tensor field on TM may be identified 
with the induced (pullback by r) tensor field on TM. Some useful M-tensor 
fields on TM may be obtained as follows. Let u : [0, oo) — ► R be a smooth 
function and let ||y|| 2 = g T ( y )(y,y) be the square of the norm of the tangent 
vector y € t _1 ({7). If S l j are the Kronecker symbols (in fact, they are the 
local coordinate components of the identity tensor field / on M), then the 
components u(||y|| 2 )<5* define an M-tensor field of type (1,1) on TM. Simi- 
larly, if gij(x) are the local coordinate components of the metric tensor field 
g on M in the local chart (U,ip), then the components u(||y|| 2 )<7jj define a 
symmetric M-tensor field of type (0, 2) on TM. The components goi = y k gki 
define an M-tensor field of type (0, 1) on TM. 

Denote by V the Levi Civita connection of the Riemannian metric g on 
M. Then we have the direct sum decomposition 

(1) TTM = VTM © HTM 

of the tangent bundle to TM into the vertical distribution VTM = Ker t* 
and the horizontal distribution HTM defined by V. The set of vector fields 
(/r, • • • , gfr) on t _1 (17) defines a local frame field for VTM and for HTM 

we have the local frame field (j|r, • • • , g^7r), where 

^ _^ r h 9 r h = k r h 

5x i Ox 1 01 3^' 0i y ki 

and rj^(x) are the Christoffel symbols of g. 

The set (g^r, • • • , ^rr, j|r, • • • , g^r) defines a local frame on TM, adapted 
to the direct sum decomposition (1). Remark that 

d =( 9 \V 5 = ( 9 )H 
dy i K dx i} ' Sx i { dx i> 

where X v and X H denote the vertical and horizontal lift of the vector field 
X on M respectively. We can use the vertical and horizontal lifts in order 
to obtain invariant expressions for some results in this paper. However, we 
should prefer to work in local coordinates since the formulas are obtained 
easier and, in a certain sense, they are more natural. 
We can easily obtain the following 

Lemma 1. If n > 1 and u,v are smooth functions on TM such that 

ugij + vg 0i g 0j = 

on the domain of any induced local chart on TM, then u = 0, v = 0. 

Remark. In a similar way we obtain from the condition 

u5) + vgojy 1 = 

the relation u = v = 0. 
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Consider the energy density of the tangent vector y with respect to the 
Riemannian metric g 

t = ^\\v\\ 2 = ^9r( y ){y,y) = ^9ik(x)y l y k , y e r _1 (£/). 

Obviously, we have t £ [0, oo) for all y £ TM. 

3. The sectional curvature of the tangent bundle with 
general natural lifted metric 

Let G be the general natural lifted metric on TM, defined by 
G (^> -h) = Cl 9ij + dig 0i g 0j = G^f 

(2) G (w> w) = <*9ij + d 2 SoiScy = G\f 

G (-W 7 ^ = G (l&> = C39ij + d 39oi9oj = Gfj 

where £1,02,03,^1,^2,^3 are six smooth functions of the density energy on 
TM. 

The Levi-Civita connection V of the Riemannian manifold (TM, G) is 
obtained from the formula 

2G(V X Y, Z) = X(G(X, Z)) + Y(G(X, Z)) - Z(G(X, Y)) 

+G([X, Y],Z)- G([X, Z],Y)- G([Y, Z],X); VX, Y,Ze X (M) 

and is characterized by the conditions 

VG = 0, T = 

where T is the torsion tensor of V. 

In the case of the tangent bundle TM we can obtain the explicit expression 
of V. The symmetric 2n x 2n matrix 



associated to the metric G in the base (^r, • • • , ^r, • • • , ^jt) has the 
inverse 





( 


JTl] 
(1.) 


M (3) 






TTlJ 


^(2) / 


where the entries 


are the blocks 






rrkl 

H (l) ~ 


Pi9 kl 


+ q\y k v l 


(3) 


Tjkl 


P29 kl 


+ <m k y l 




Tjkl 

#(3) - 


P39 M 


+ Q3y k y l 
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Here g are the components of the inverse of the matrix (g^- ) and Pi,qi,P2,Q2,P3, 
q 3 : [0, oo) — > R, some real smooth functions. Their expressions are obtained 
by solving the system: 



( rr(l) rrhk , ^(3) Tjhk _ rfc 
ft ^(3) + G i/i ^(2) - U 



i/i ^(1) + G ih H (3) ~ U 



K^ih 11 (3) 



(2) rrhfc 



ft (2) 



in which we substitute the relations ([2]) and (J3l) • By using Lemma [fl we get 
Pi,P2, P3 as functions of ci , c 2 , c 3 



(4) 



Pi 



C-2 



2' ^2 

C1C2 — C3 C1C2 — C3 C1C2 — C3 

and q\,q2,q3 as functions of ci,c 2 ,c 3 , di,d 2 ,d 3 , Pi,P2,P3 

_ C2d\Pi - c 3 d 3 pi - c 3 d 2 p 3 + c 2 d 3 p 3 + 2d 1 d 2 p\t - 2d\p\t 
qi ~ cic 2 - c§ + 2c 2 dit + 2cid 2 i - 4c 3 d 3 t + Adid 2 t 2 - Adh 2 



"3 



C 3 



(5) 



92 



^2P2 + ^3P3 

c 2 + 2d 2 t 



(c 3 + 2rf 3 t)[(to + to)(ci + 2dit) - (dipi + d 3P3 )(c 3 + 2d 3 *)] 
(c 2 + 2d 2 t)[( Cl + 2dit)(c2 + 2d 2 t) - (c 3 + 2d 3 t) 2 ] 



?3 



(to + to)(ci + 2dit) - (dipl + to)(c 3 + 2rf 3 £) 
(ci + 2dit)(p2 + 2d 2 t) - (c 3 + 2d 3 t) 2 



In the paper [14j we obtained the expression of the Levi Civita connection 
of the Riemannian metric G on TM. 



Theorem 1. The Levi-Civita connection V of G has the following expres- 

_d §_ 

dy n ' 5a; 1 



sion in the local adapted frame (^r, • • • , gf™, ■^ T , ... , 
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where are the Christoffel symbols of the connection V and the M -tensor 



fields appearing as coefficients in the above expressions are given as 

Q% = U d i G fk + OjG® - dkGf)H§ + ±(^Gf + d s dg)H§ 
Qij = UdiG { $ + 0jGg> - d k Gi?)H$ + l&Gf + djG^Hft 

$ = hViGf) - d k Gf)H^ + \{d t G^ + ^ jk Gf)H§ 

r>h _ 1 ( a /o(3) o rrfcft , 1 fa si(X) , pi /^( 2 )\ zjkh 

^ij ~ 2\yiL*jk -Vk^ij J#(2) + gW^j* +^0ifc G «i ^(3) 

eft 1 /n((2) i rp/ /^r(2)\ jrfcfc , rj prfc/i 

- -^kG^ + i%tr Zjfc j-H (2) + c 3 K i0jk H (3) 

S ij = ~K d kGi] + Rl oij G( ik) H (3) + c 3 RiojkH^ 

where R ki j are the components of the curvature tensor field of the Levi Civita 
connection V o/ the base manifold (M, g) . 

Taking into account the expressions ([2]), ([3]) and by using the formulas 
(0D, © we can obtain the detailed expressions of Ptj,Qij, S ij^tj^Qij^ ^ij- 

The curvature tensor field K of the connection V is defined by the well 
known formula 

K(X,Y)Z = Vx^yZ - VySIxZ - V [x ,y]Z, X,Y,Z e T(TM). 

By using the local adapted frame hj = 1, • • • ,n we obtained 

in p3], after a standard straightforward computation 

5 d 
XXXX LjfaK + XXXY k%-QyK 

5 d 

■ XXYX ^jJ^h + XXYY kijQ^h 

5 d 
-- YYXX kij j-^ + YYXY kij —^ 

h S h d 

= YYYX kij j-^ + YYYYtoj-Q-r 

S d 

■ YXXX kijJ^h + YXXY kijQ^h 

-- YXYX^j-^ + Y XYY k \j—^ 

where the M-tensor fields appearing as coefficients denote the horizontal 
and vertical components of the curvature tensor of the tangent bundle, and 
they are given by 

Y Y V _1_ P^ Qh P^ 1 _J_ P^ 1 _1_ P^ P^ 

AAAA Mj — D «°ifc r li s jk ~ D jl D ik ~ r lj s ik ' n kij ' n Qij r lk 

Y Y c' 1 _L p' 1 Q^ 1 P^ 1 _l P^ P^ 

■A^-A r fe jj — Jj k Ju T ^uJj k — dik^jl — r lj s ik r lk n 0ij 





5 5 . 


5 


5x % ' fe- 7 














K( 




)J_ 






K 


, 5 a 






) — 


K{ 




5 


dy l ' 5a;-? y 


6x k 


K( 


d 5 . 




9?/' ' Jx-? ' 
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Y YV Y^ 1 pi ph _i_ pi ah pi ph pi Qh _i_ pi 

r ^-fcij — r kj r li i fcj D ii ~~ ^fciMj ~~ r ki°jl n 0ij^lk 

V YVvh pi p^ i pi pi p?i pi _j_ pi /o' 1 i P^ 1 

A A r — r kj r li "+" -Ocj'-'ji ~~ MciMj ~~ / 1fci' 5 j7 + n 0ij^lk "+~ -"fcij 

VV "ST Y'' 1 f) f) ph _i_ pi /oft _i_ pi pit pi P\h pi ph 

i i ^^ ki j — Oif-j k — o 3 r ik -+- r^j k ^u t -Tj-fc-Tj; — ^i k Wji — ^ik^jl 

W YV^ 1 » P^ P^ 1 _i_ pi /O' 1 _i_ pi P^ pi /^i 1 pi P^ 

1 r ^ *jfcij — °'i- r j-fe ~~ °3 r ik r jk^il r jk r il ~ r ikHjl ~ r ik r jl 

YYYX kij = diQ h jk - djQ% + Q l j k Qu + Q l j k Pu - Q\ k Q% - Qik P ji 
YYYY ki ^ = diQj k — djQi k + Q l j k Qa + Q l j k Pa — Q{ k Qji — Q\kPji 

V Y Y Y^ A _l_ /O' 1 _L p' 1 p' p' 1 p' Q^ 1 T7 P r /^( 2 ) tf(^) 

r AAA fej;j — 0^j k + Oj k <^u + ^jfc-Tii - -fifc-Hj - Jifc^-; - VjK oik U rl fly 

V "V VV"' 1 — f) Q h I ci /oil _i_ Qi p/i pi p/i pi qh yj , pr ^(2) rj(l) 

r jiA.r kij — a^ jfc -+- ^j k ^u + ^>j k ^u - ^ik r ij ~ r ik a ji ~ v .?- f %fc (j ri n hi 

V yv .£) P^ _L_ pi /O^ 1 _L_ pi P^ /^i P^ /~)i c' 1 

A fcjj — Ci-Ocj + ^kj^il + -TfcjMi ~ Hik r lj - ^ik^jl 

V YW^ r) ph _l_ p' Cl^. _i_ pi pit /oi ph r)l oh 

Y A 1 Y kij — °i r kj + ^kj^il + -TfcjMi ~ Hik^lj - Hik^jl- 

We mention that we used the character X on a certain position to indi- 
cate that the argument on that position was a horizontal vector field and, 
similarly, we used the character Y for vertical vector fields. 

We compute the partial derivatives with respect to the tangential coordi- 
nates y { of of G$ and H 3 ,K, for a = 1, 2, 3. 

diG^ k = c' a goigj k + d' a goigojg ok + d a gijg ok + d a goigjk 
diH* = P 'y k g Q i + q' a9 ^y k + qJly k + q a y j S k 
didjG k f = c^goig 0j g k i + c' a gijg k i + d^g 0j g ok g i + d' a gijg ok goi 

+d' a gojg ik g i + d' a gojg ok gu + d' a goigj k g i + d' a goig ok gji + d a gjk9u + d a gikdji- 

Next we get the first order partial derivatives with respect to the tangen- 
tial coordinates y { of the M-tensor fields P^Qfj, , P^ , , 

d t Q% = (fl,-Gg) + 4^ - ftGg?) + + W^? 

-ftftGj?) + IwfoidjC® + ) + ^H^djG^ + d t d k Gf) 
diQ% = IdiH^d^S + d k Gf - d^) + ^H^ifkdjd® + d t d k Gf 

~WiGf k ] ) + IdiH^G^ + d k Gf) + ^H^djG^ + d t d k Gf) 

d,p% = Im^dS - ftcJJ) + ^)(^-Gg) - ^^gJ.J) 
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+{d r G^ k + RQj k G^)diH^} + c' 3 goiRjokrHfy + cs(Rjik- r H^ + Rjokr-diH^) 

diS% = -\md r G^ + 4 fe G[ r 2) + ^Gg ) )fl^ + 

+(a r G^ + ^ fe G^)^^3)} + 

It was not convenient to think ci, C2, C3, o?i, cfe, c/3 and Pi,P2,P3, Qi,Q2il3 
as functions of i since RICCI did not make some useful factorizations af- 
ter the command TensorSimplify. We decided to consider these functions 
as well as their derivatives of first, second and third order, as constants, 
the tangent vector y as a first order tensor, the components G^ , G^ , G^ , 
H^yHlL, H l ?g. as second order tensors and so on, on the Riemannian man- 
ifold M, the associated indices being h, k, I, r, s. 

The tensor field corresponding to the curvature tensor field of a Riemann- 
ian manifold (TM, G) having constant sectional curvature k, is given by the 
formula: 

K (X,Y)Z = k[G(Y,Z)X - G(X, Z)Y\. 
After a standard straightforward computation we obtain 

c c c c o 

A '»<^- w^w - XXYX0 ^ + xx ™*»t& 

y dy l cV Sx k k%3 5x h k%3 dy h 

/ d d \ d h 5 h d 

A %- W ] s? = Y¥YXC/£ ->s^ + YYYY ^l>t 
K ^W" ^ = YXXX ^ + YXXY0 ^ 
= ¥XYX ^ + YXYY ^ 

where the M-tensor fields appearing as coefficients are the horizontal and 
vertical components of the tensor Kq and they are given by 

XXXXO h kij = fc[G$tf - Gf k H% XXXYO h kij = 
XXYXO h kij = fc[Gg«5f - Gf k H% XXYYO h kij = 



J kij — * \y jk u i ~ ^ik u jh ^^11 y>kij 

t kl3 = 0, YYXY0 h kij = k[G%5? - Gf k Hl 



THE SECTIONAL CURVATURE OF TANGENT BUNDLES 



9 



YYYXO h kij = 0, YYYY0 h kij = k[G% 6 ? - Gf k ] 5*} 

YXXX0 h kij = -kGf k ] 5^, YXXY0 h kij = fcG$<# 

YXYX0 h kij = -kG^S}, YXYY0 h kij = kdf^. 

In order to get the conditions under which (TM, G) is a Riemannian man- 
ifold of constant sectional curvature, we study the vanishing of the compo- 
nents of the difference K — Kq. In this study it is useful the following generic 
result similar to the lemma [TJ 

Lemma 2. If ax, ... , aio are smooth functions on TM such that 

aiSigjk + a 2 Sjgik + a z b\gij + a^g^goj + a 5 5jg igok + «6^5oi5ofc 

+®7gjkgoiy h + a 8 gikgojy h + a 9 gijg 0k y h + a w g ig jgoky h = 
then ct\ = ■ ■ ■ = aio = 0. 

After a detailed analysis of several terms in the vanishing problem of the 
components of the above difference we can formulate the next proposition. 

Proposition 1. Let (M,g) be a Riemannian manifold. If the tangent bundle 
TM with the general natural lifted metric G has constant sectional curvature, 
then the base manifold is flat. 

Proof: For y = the difference XXYY k \- - XXYYO^ reduces to R h kij . 
If the sectional curvature of the tangent bundle is constant, this difference 
vanishes, so the curvature of the base manifold must vanish too. 

4. Tangent bundles with constant sectional curvature 

Theorem 2. Let (M, g) be a Riemannian manifold. The tangent bundle 
TM with the natural lifted metric G has constant sectional curvature if and 
only if the base manifold is flat and the metric G has the associated matrix 
of the form: 

( cgij Pgij + f3'g 0i g 0j \ 

n , ol i a'/3 2 +2a'l3f3't-2al3' 2 t 

\P9ij + p goigoj agij + — ^ ^ —goigojj 

where a, (5 are two real smooth function depending on the energy density and 
c is an arbitrary constant. Moreover, in this case, TM is flat, i.e. k = 0. 

Proof: In the proposition Q] we prooved that the base manifold of the 
tangent bundle with constant sectional curvature must be flat. By using 
the RICCI package of the program Mathematica, we impose the vanishing 
condition for the curvature tensor of the base maniflod in all the differences 
between the components of the curvature tensors K and Kq of TM. After 
a long computation we find some differences in which the third terms are of 
one of the forms: 2 ( ^-c^)) ^^ ™ case °^ ^ e differences YXXX ki - — 
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YXXX0 h kij and YXYY k % - YXYY0 h kij , ^^g^ for the difference 
YXXY k % - YXXY0 h kij and ^^yrf for YXYX^ - YXYX^. 

As all the coeficients which appear in these differences must vanish, we 
obtain d\ = 0, because c\ and C3, or c 2 and C3 cannot vanish at the same 
time, the metric g being non-degenerated. 

If we impose d 1 = in XXXY^. - XXXY Oj^- we obtain that this differ- 
ence contains the factors cic^c^c^ — cic' 3 + c\d^). Thus, for the annulation 
of this difference, we have the cases = ClC 3^ lds or Cl = constant (ci = 
being a particular case). 

The first case, c\ = Cl6 3 c i d 3 ^ g no ^. a favourable one, because the difference 
YYYY ki - — YYYY0 ki j containes two summands which cannot vanish: 

1 r/j sh 

In the case c\ = constant we obtain 

XXXX h klJ - XXXX0 h kij = - Cl k(9jkSi ~ tokS}) 
from which c\ = or k = 0. If c\ = 

XXYX^ - XXYXQ h kij = -k(c 3 g jk 8? - c 3 g ik 8* - d 3 6% 9(H g 0k + d 3 6?g 0j g ok ). 

As we considered c\ = 0, we cannot have C3 = because the metric g 
must be non-degenerated, so the parenthesis cannot vanish and it remaines 
k = 0. Now we can conclude that the tangent bundle with general natural 
lifted metric cannot have nonzero sectional curvature. 

We continue the study of the general case c\ = constant, since the case 
ci = is a particular case only. Because the sectional curvature of the tan- 
gent bundle, k, is null, we obtain that the difference XXYY ki - — XXYY0 ki j 
vanishes if and only if d 3 = c' 3 . This condition makes vanish all the differ- 
ences that we study, except YYY X ki - — YYYX0 ki j. From the annulation 
of this last difference, we obtain 

d 2 = c' 2 + 2t ^- C ^ . 

4 

If we denote c\ by c, c 2 by a and C3 by /?, we obtain that the matrix 
associated to the metric G has the form given in the theorem [2j 

Therefore, the theorem [2] gives the unique form of the matrix associated 
to the metric G. 
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